3-1

THE MAP METHOD

Simplification of Boolean
Functions

72

The complexity of the digital logic gates that implement a Boolean function is directly
related to the complexity of the algebraic expression from which the function is imple-
mented. Although the truth table representation of a function is unique, expressed alge-
braically, it can appear in many different forms. Boolean functions may be simplified
by algebraic means as discussed in Section 2-4. However, this procedure of minimiza-
tion is awkward because it lacks specific rules to predict each succeeding step in the ma-
nipulative process. The map method provides a simple straightforward procedure for
minimizing Boolean functions. This method may be regarded either as a pictorial form
of a truth table or as an extension of the Venn diagram. The map method, first pro-
posed by Veitch and modified by Karnaugh, is also known as the “Veitch diagram” or
the “Karnaugh map.”

The map is a diagram made up of squares. Each square represents one minterm.
Since any Boolean function can be expressed as a sum of minterms, it follows that a
Boolean function is recognized graphically in the map from the area enclosed by those
squares whose minterms are included in the function. In fact, the map presents a visual
diagram of all possible ways a function may be expressed in a standard form. By recog-
nizing various patterns, the user can derive alternative algebraic expressions for the
same function, from which he can select the simplest one. We shall assume that the
simplest algebraic expression is any one in a sum of products or product of sums that
has a minimum number of literals. (This expression is not necessarily unique.)
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3-2 TWO- AND THREE-VARIABLE MAPS

A two-variable map is shown in Fig. 3-1(a). There are four minterms for two variables;
hence, the map consists of four squares, one for each minterm. The map is redrawn in
(b) to show the relationship between the squares and the two variables. The 0’s and 1’s
marked for each row and each column designate the values of variables x and ¥, respec-
tively. Notice that x appears primed in row 0 and unprimed in row 1. Similarly, y ap-
pears primed in column ¢ and unprimed in column 1.

If we mark the squares whose minterms belong to a given function, the two-variabie
map becomes another useful way to represent any one of the 16 Boolean functions of
two variables. As an example, the function xy is shown in Fig. 3-2(a). Since xy is
equal to m, a 1 is placed inside the square that belongs to m; . Similarly, the function
x + yis represented in the map of Fig. 3-2(b) by three squares marked with 1’s. These
squares arc found from the minterms of the function:

x+y=x’y+xy'+xy=m1+mz+m3

The three squares could have also been determined from the intersection of variable x
in the second row and variable y in the second column, which encloses the area belong-
ing to x or y,

A three-variable map is shown in Fig. 3-3. There are eight minterms for three bi-
nary variables. Therefore, a map consists of eight squares. Note that the minterms are
not arranged in a binary sequence, but in a sequence similar to the Gray code listed in
Table 1-4. The characteristic of this sequence is that only one bit changes from t to 0

y ¥
x 0 1
mg | m, Of xy | xy
m., my el | x xy
(a) (b)
FIGURE 31
Two-variable map
¥y ¥y
¥y A ¥y .
x 0 | x\ 0 1
0 0 1
x { 1 1 x { ! 1 i
(a) xy (b) x+y

FIGURE 3-2
Representation of functions i the map
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Yz y
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x 00 01 11 10
Mo P | ™| ™2 Ol wyz| xyz| xyz | 2y
my | omo | omy | omy x{] D oxys | oxvz | oxve

— ———

(a) (b)
FIGURE 3-2

Three-variable map

or from O to | in the listing sequence. The map drawn in part (b) is marked with pum-
bers in each row and each column to show the relationship between the squares and the
three variables. For example, the square assigned to ms corresponds to row 1 and
column 01. When these two numbers are concatenated, they give the binary number
101, whose decimal equivalent is 5. Another way of looking at square ms = xy 'z is to
consider it to be in the row marked x and the column belonging to y'z (column 01).
Note that there are four squares where each variable is equal to 1 and four where each is
equal to 0. The variable appears unprimed in those four squares where it is equal to 1
and primed in those squares where it is equal to 0. For convenience, we write the vari-

able with its letter symbol under the four squares where it i unprimed.
To understand the usefulness of the map for simplifying Boolean functions, we must

recognize the basic property possessed by adjacent squares. Any two adjacent squares
in the map differ by only one variable, which is primed in one square and unprimed in
the other. For example, ms and m lie in two adjacent squares. Variable y is primed in
ms and unprimed in -, whereas the other two variables are the same in both squares.
From the postulates of Boolean algebra, it follows that the sum of two minterms in ad-
jacent squares can be simplified to a single AND term consisting of only two literals.
To clarify this, consider the sum of two adjacent squares such as ms and my:

ms+ m = xy'z + xyz = xz(y' + y) = xz

Here the two squares differ by the variable y, which can be removed when the sum of
the two minterms is formed. Thus, any two minterms in adjacent squares that are
ORed together will cause a removal of the different variable. The following example
explains the procedure for minimizing a Boolean function with a map.

Example
3-1

Simplify the Boolean function
Fix,v,2) = 2(2,3,4,3)

First, a 1 is marked in each minterm that represents the function. This is shown in Fig.
3-4, where the squares for minterms 010, 011, 100, and 101 are marked with 1's. The
next step is to find possible adjacent squares. These are indicated in the map by two
rectangles, each enclosing two 1's. The upper right rectangle represents the arca en-
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FIGURE 3-4
Map for Example 3-1; Fix, y, 2) =
22345 =xy+x

closed by x'y. This is determined by observing that the two-square area is in row 0,
corresponding to x ', and the last two colurnns, corresponding to y. Similarly, the lower
left rectangle represents the product term xy'. (The second row represents x and the
two left columns represent y’.) The logical sum of these two product terms gives the
simplified expression

F=x'y +xy' u

There are cases where two squares in the map are considered to be adjacent even
though they do not touch each other. In Fig, 3-3, mq is adjacent to m; and m, is adja-
cent to ms because the minterms differ by one variable. This can be readily verified al-
gebraically,

r L r

m0+m2=xyz +xryza=xrzr(y.l+y)=xrzf
mstms=xy'z' +xyz’ =xz' + (y + y) = xz’
Consequently, we must modify the definition of adjacent squares to include this and

other similar cases. This is done by considering the map as being drawn on a surface
where the right and left edges touch each other to form adjacent squares.

Example
3-2

Simplify the Boolean function
F(x,y,2)=32(3,4,6,7)

The map for this function is shown in Fig. 3-5. There are four squares marked with
1’s, one for each minterm of the function. Two adjacent squares are combined in the
third column to give a two-literal term yz. The remaining two squares with 1°s are also
adjacent by the new definition and are shown in the diagram with their values enclosed
in half rectangles. These two squares when combined, give the two-literal term xz'.
The simplified function becomes

F=yz+ xz' [ ]

Consider now any combination of four adjacent squares in the three-variable map.
Any such combination represents the logical sum of four minterms and results in an ex-
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FIGURE 3-5

Map for Examplie 3-2; Fix, y. 2}
Y346 71yt R

pression of only one literal. As an example, the logical sum of the four adjacent
minterms 0, 2, 4, and 6 reduces to a single literal term z '

r Pt

Mg+ my + ome ome = x'y'z + x'vz' 4 oxy'zt xyz'

x'z'y v v+ oY)

=x'z 4+xz =z (x Fx)=2

The number of adjacent squares that may be combined must always represent a num-
ber that is a power of two such as 1, 2, 4, and 8. As a larger number of adjacent
squares are combined, we obtain a product term with fewer literals.

One square represents one minterm, giving a term of three literals.

Two adjacent squares represent a term of two fiterals.

Four adjacent squares rcpresent a term of one literal.

Eight adjacent squares encompass the entire map and produce a function that is
always equal to 1.

Exampie
3-3

Simplify the Boolean function
Flx,y,2) = 2(0,2, 4,5, 6}

The map for F is shown in Fig. 3-6. First, we combine the four adjacent squares in the
first and last columns to give the single literal term z’. The remaining single square
representing minterm 5 is combined with an adjacent square that has already been used
once. This is not only permissible, but rather desirable since the two adjacent squares
give the two-literal term xy ' and the single square represents the three-literal minterm
xy’z. The simplified function is

F=z +xy' u
If a function is not expressed in sum of minterms, it is possible to use the map to

obtain the minterms of the function and then simplify the function to an expression
with a minimum number of terms. It is necessary to make sure that the algebraic ex-
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FIGURE 3-6
Map for Example 3-3; F(x, y, 2) =
2(0.2,4,56) =2z + xy'

pression is in sum of products form. Each product term can be plotted in the map in
one, two, or more squarcs. The minterms of the function are then read directly from
the map.

Example Given the following Boolean function:
34 F=AC+A'B+AB'C + BC

(a) Express it in sum of minterms.
(b) Find the minimal sum of products expression.

Three product terms in the expression have two literals and are represented in a three-
variable map by two squares each. The two squares corresponding to the first term A 'C
are found in Fig. 3-7 from the coincidence of A’ (first row) and C (two middle
columns) to give squares 001 and 011. Note that when marking 1’s in the squares, it is
possible to find a 1 already placed there from a preceding term. This happens with the
second term A'B, which has 1’s in squares 011 and 010, but square 011 is common
with the first term A’C, so only one 1 is marked in it. Continuing in this fashion, we
determine that the term AB'C belongs in square 101, corresponding to minterm 5, and
the term BC has two 1’s in squares 011 and 111. The function has a total of five
minterms, as indicated by the five 1’s in the map of Fig. 3-7. The minterms are read

BC B
A_00 01 T 10

0
A{l 1 !
FIGURE 3-7
Map for Example 3-4, AC+ AR+ AB'C+ BC=C+ A'B
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directly from the map to be 1, 2,3, 5, and 7. The function can be expressed in sum of
minterms form:

F(A,B,C)=2(1,2,3,5,7)

The sum of products expression as originally given has too many terms. It can be sim-
plified, as shown in the map, to an expression with only two terms:

F=C+A'B m

3-3 FOUR-VARIABLE MAP

The map for Boolean functions of four binary variables is shown in Fig. 3-8. In (a) are
listed the 16 minterms and the squares assigned to each. In (b) the map is redrawn to
show the relationship with the four variables. The rows and columns arc numbered in a
reflected-code sequence, with only one digit changing value between two adjacent rows
or columns. The minterm corresponding to each square can be obtained from the con-
catenation of the row number with the column number. For example, the numbers of
the third row (11) and the second column (01), when concatenated, give the binary
number 1101, the binary equivalent of decimal 13. Thus, the square in the third row
and second column represents minterm mz .

The map minimization of four-variable Boolean functions is similar to the method
used to minimize three-variable functions. Adjacent squares are defined to be squares
next to each other. In addition, the map is considered to lie on a surface with the top
and bottom edges, as well as the right and left edges, touching each other to form adja-
cent squares. For example, mo and m; form adjacent squares, as do my and my; . The
combination of adjacent squares that is useful during the simplification process is easily
determined from inspection of the four-variable map:

¥y ,___,}-l_*_\
wae\_00 0t 11 i0
LA P oo LRI L b
my 1 m my | my 00|wx'y? wx'y'z|w'x' yz|w'x'yz
my |l mg | my | o mg o1lwxy z|w xy'zp wiryz | wixyd
x
mn ml3 mag | My 11wy’ | way'z] wxyz ] wxyz
w
mg | mg j omy | g 10X’y 2 lwx'y' z{ wx'yz | waiy?’
————
(a) (b) z
FIGURE 3-8

Fotr-variable map
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One square represents one minterm, giving a term of four literals.
Two adjacent squares represent a term of three literals,

Four adjacent squares represent a term of two literals.

Eight adjacent squares represent a term of one literal.

Sixteen adjacent squares represent the function equal to 1.

No other combination of squares can simplify the function. The following two exam-
ples show the procedure used to simplify four-variable Boolean functions.

Example
3-5

Simplify the Boolean function
Flw,x,y,2) =2(0,1,2,4,5,6,8,9, 12, 13, 14)

Since the function has four variables, a four-variable map must be used. The minterms
histed in the sum are marked by 1's in the map of Fig. 3-9. Fight adjacent squares
marked with 1’s can be combined to form the one literal term y ‘. The remaining three
1’s on the right cannot be combined to give a simplified term. They must be combined
as two or four adjacent squares. The larger the number of squares combined, the
smaller the number of literals in the term. In this example, the top two 1’s on the right
are combined with the top two 1’s on the left to give the term w'z’. Note that it is per-
missible to use the same square more than once. We are now left with a square marked
by 1 in the third row and fourth column (square 1110). Instead of taking this square
alone (which will give a term of four literals), we combine it with squares already used
to form an area of four adjacent squares. These squares comprise the two middle rows
and the two end columns, giving the term xz'. The simplified function is

F=y" +wiz + xz' u

01 Lt 10

- [l =i
s

[ —
Z

FIGURE 3-9

Map for Example 3-5; Flw, x, v, z) =
201,245, 6,8,9,12,13,14) =
Yy +wz' + xz’
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Example
3-6

Simplify the Boolean function
F=A'B'C'+ B'CD' + A'BCD' + AB'C’

The area in the map covered by this function consists of the squares marked with 1's in
Fig. 3-10. This function has four variables and, as expressed, consists of three terms,
each with three literals, and one term of four literals. Each term of threc literals is rep-
resented in the map by two squares. For example, A’B’C" is represented in squares
0000 and 0001. The function can be simplified in the map by taking the 1’s in the four
corners to give the term B'D . This is possible because these four squares are adjacent
when the map is drawn in a surface with top and bottom or left and right edges touching
one another. The two left-hand 1’s in the top row are combined with the two I's in the
bottom row to give the term B'C’. The remaining 1 may be combined in a two-square
area to give the term A'CD’. The simplified function is

F=B'D +B'C"+A'CD' n

Prime Implicants

When choosing adjacent squares in a map, we must ensure that all the minterms of the
function are covered when combining the squares. At the same time, it is necessary to
minimize the number of terms in the expression and avoid any redundant terms whose
minterms are already covered by other terms. Sometimes there may be two or more ex-
pressions that satisfy the simplification criteria. The procedure for combining squares in
the map may be made more systematic if we understand the meaning of the terms re-
ferred to as prime implicant and essential prime implicant. A prime implicant is a
product term obtained by combining the maximum possible number of adjacent squares
in the map. [f 2 minterm in a square is covered by only onc prime implicant, that prime
implicant is said to be essential. A more satisfactory definition of prime implicant is
given in Section 3-10. Here we will use it to help us find all possible simplified expres-
sions of a Boolean function by means of a map.
D ¢
AB_ 00 0L 1L 10

\ ' N

o TET T
|

‘\ |

]

. ¥

) |
“"lj.[ . Dl

D

FIGURE 3-10
Map tor Example 3-6; A'B'C" + B'CO" 4 ABCD 1 AB'C -
B BCT AT
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The prime implicants of a function can be obtained from the map by combining all
possible maximum numbers of squares. This means that a single 1 on a map represents
a prime implicant if it is not adjacent to any other 1’s. Two adjacent 1's form a prime
implicant provided they are not within a group of four adjacent squares. Four adjacent
1’s form a prime implicant if they are not within a group of eight adjacent squares, and
so on. The essential prime implicants are found by looking at each square marked with
a 1 and checking the number of prime implicants that cover it. The prime implicant is
essential if it is the only prime implicant that covers the minterm.

Consider the following four-variable Boolean function:

F(A,B,C,D)=2(0,2,3,5,7,8,9,10, 11, 13, 15)

The minterms of the function are marked with 1's in the maps of Fig. 3-11. Part (a) of
the figure shows two essential prime implicants, One term is essential because there is
only one way to include minterms m, within four adjacent squares. These four squares
define the term B'D’. Similarly, there is only one way that minterm ms can be com-
bined with four adjacent squares and this gives the second term BD. The two essential
prime implicants cover eight minterms. The remaining three minterms, ms, mo, and
mi , must be considered next.

Figure 3-11(b) shows all possible ways that the three minterms can be covered with
prime implicants. Minterm m; can be covered with either prime implicant CD or B'C.
Minterm ms can be covered with either AD or AB’. Minterm m,, is covered with any
one of the four prime implicants. The simplified expression is obtained from the logical
sum of the two essential prime implicants and any two prime implicants that cover
minterms m; , my, and my; . There are four possible ways that the function can be ex-
pressed with four product terms of two literals each:

cD —_— ch —

00 01 11 10 00 01 11 10
AB AB

oo| 1 1 I oo | 1 DEE

01 1 1 01 1 1

B B
il 1 1 11 1 1
A A ,
10 1 1 1 1 10 IJ 1 [ \ 1 l—”
\‘ﬁ_’ %__J
D D
(a) Essential prime implicants (b) Prime implicants CD, B'C,
BD and B'D' AD, and AB'
FIGURE 3-11

Simplification using prime implicants
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il

BD + B'D' + CD + AD
BD + B'D' + CD + AB'
=BD+ B'D'"+ B'C+ AD
=BD + B'D' + B'C + AB’

F

fi

The above example has demonstrated that the identification of the prime implicants in
the map helps in determining the alternatives that are available for obtaining a sim-
plified expression.

The procedure for finding the simplified expression from the map requires that we
first determine all the essentia] prime implicants. The simplified expression is obtained
from the logical sum of all the essential prime implicants plus other prime implicants
that may be needed to cover any remaining minterms not covered by the essential
prime implicanis. Occasionally, there may be more than one way of combining squares
and each combination may produce an equally simplified expression.

3-4 FIVE-VARIABLE MAP

Maps for more than four variables are not as simple to use. A five-variable map needs
32 squares and a six-variable map needs 64 squares. When the number of variables be-
comes large, the number of squares becomes excessively large and the geometry for
combining adjacent squares becomes more involved.

The five-variable map is shown in Fig. 3-12. It consists of 2 four-variable maps with
variables A, B, C, D, and E. Variable A distingunishes between the two maps, as indi-
cated on the top of the diagram. The left-hand four-variable map represents the 16

A=0 A=1
D D
DE — A DE ——
00 01 11 10 00 01 1t 10
BC BC
0ol o 1 3 2 00| 1o 17 19 18
01 4 5 7 6 011 20 21 23 22
C C
1] 12 13 15 14 1] 28 29 31 30
B B
10 8 9 11 10 10 | 24 25 27 26
— —
E E
FIGURE 3-12

Five-variable map
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squares where A = 0, and the other four-variable map represents the squares where
A = 1. Minterms O through 15 belong with A = 0 and minterms 16 through 31 with
A = 1. Each four-variable map retains the previously defined adjacency when taken
separately. In addition, each square in the A = 0 map is adjacent to the corresponding
square in the A = 1 map. For example, minterm 4 is adjacent to minterm 20 and
minterm 15 to 31. The best way to visualize this new rule for adjacent squares is to
consider the two half maps as being one on top of the other. Any two squares that fall
one over the other are considered adjacent.

By following the procedure used for the five-variable map, it is possible to construct
a six-variable map with 4 four-variable maps to obtain the required 64 squares. Maps
with six or more variables need too many squares and are impractical to use. The alter-
native is to employ computer programs specifically written to facilitate the sim-
plification of Boolean functions with a large number of variables.

From inspection, and taking into account the new definition of adjacent squares, it is
possible to show that any 2* adjacent squares, fork = 0, 1, 2, . . . , h, in an n-variable
map, will represent an area that gives a term of n — k literals. For the above state-
ment to have any meaning, » must be larger than k. When n = k, the entire area of the
map is combined to give the identity function. Table 3-1 shows the relationship be-
tween the number of adjacent squares and the number of literals in the term. For exam-
ple, eight adjacent squares combine an area in the five-variable map to give a term of
two literals.

TABLE 3-1
The Reilationshlp Between the Number of Adjacent Squares and the Number
of Literals In the Term

Number
of

adjacent

sguares Number of literals in a term in an n-variable map
k 2% n=2 n=73 n=4 n=5 n=é n=7
0 1 2 3 4 5 6 7
1 2 1 2 3 4 5 6
2 4 0 1 2 3 4 5
3 8 0 1 2 3 4
4 16 0 1 2 3
5 32 0 1 2
6 64 0 1

Example
3.7

Simplify the Boolean function
F(A,B,C,D,E) =(0,2,4,6,9, 13, 21, 23, 25, 29, 31)
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FIGURE 3-13

Map for Example 3-7.F ~ A'BF -« BDF o ALE

The five-variable map for this function is shown in Fig. 3-13. There arc six minterms
from O to 15 that belong to the part of the map with A = 0. The other five minterms
belong with A = 1. Four adjacent squares in the A = 0 map are combined to give the
three-literal term A B’ £’. Note that it is necessary to include A’ with the term because
all the squares are associated with A = 0. The two squares in column Ol and the last
two rows are common to both parts of the map. Therefore, they constitute four adja-
cent squares and give the three-literal term BD'E. Variable A is not included here be-
cause the adjacent squares belong to both A = O and A = 1. The term ACE is obtained
from the four adjacent squares that are entirely within the A = 1 map. The simplified
function is the logical sum of the three terms:

F=A'B'E’"+ BD'E + ACE N

The minimized Boolean functions derived from the map in all previous examples were
expressed in the sum of products form. With a minor modification, the product of sums
form can be obtained.

The procedure for obtaining a minimized function in product of sums follows trom
the basic properties of Boolean functions. The 1's placed in the squares of the map rep-
resent the minterms of the function. The minterms not included in the function denote
the complement of the function. From this we see that the complement of a function 1s
represented in the map by the squares not marked by 1’s. If we mark the empty
squares by (s and combine them into valid adjacent squares, we obtain a simplified ex-
pression of the complement of the function, i.e., of F'. The complement of F ' gives us
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back the function ¥. Because of the generalized DeMorgan’s theorem, the function so
obtained is automatically in the product of sums form. The best way to show this is by
example.

Example
3-8

Simplify the following Boolean function in (a} sum of products and (b) product of
sums.
F(A,B,C,D)=32(0,1,2,5,8,9, 10)

The 1's marked in the map of Fig. 3-14 répresent all the minterms of the function. The
squares marked with 0’s represent the minterms not included in F and, therefore, de-
note the complement of F. Combining the squares with 1’s gives the simplified func-
tion in sum of products:
(a) F=B'D'+B'C'+A'C'D
If the squares marked with 0’s are combined, as shown in the diagram, we obtain the
simplified complemented function:

F’' = AB + CD + BD'

Applying DeMorgan’s theorem (by taking the dual and complementing each literal as
described in Section 2-4), we obtain the simplified function in product of sums:

(b) F=(A"+B")C"+D')B'+ D) |
cb c
4 0001 711 10
00 1 1 T ‘il

o1 of| 1 [[o]{jo

FIGURE 3-14
Map for Example 3-8; F(A, B. C, D' =2 (0, 1,2.5,8 9, 10) =
B'D'+ B'C' + AACD={A"+ BNC + D'KE' + D)

The implementation of the simplified expressions obtained in Example 3-8 is shown
in Fig. 3-15. The sum of products expression is implemented in (a) with a group of
AND gates, one for each AND term. The outputs of the AND gates are connected to
the inputs of a single OR gate. The same function is implemented in (b) in its product
of sums form with a group of OR gates, one for cach OR term. The outputs of the OR
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B A’
D; B’—-
C'—
F
D= 57 -
Af
D | D

() F=8D+BC+ACD {(b) F={A"—B)(C+D)B +D)
FIGURE 3-15
Gate implementation of the function of Example 3-8

gates are connected to the inputs of a single AND gate. In each case, it is assumed that
the input variables are directly available in their complement, so inverters are not
needed. The configuration pattern established in Fig. 3-15 is the general form by which
any Boolean function is implemented when expressed in one of the standard forms.
AND gates are connected to a single OR gate when in sum of products; OR gates are
connected to a single AND gate when in product of sums. Either configuration forms
two levels of gates. Thus, the implementation of a function in a standard form is said to
be a two-level implementation.

Example 3-8 showed the procedure for obtaining the product of sums simplification
when the function is originally expressed in the sum of minterms canonical form. The
procedure is also valid when the function is originally expressed in the product of max-
terms canonical form. Consider, for example, the truth table that defines the function F
in Table 3-2. In sum of minterms, this function is expressed as

Fix,y,2)=2(1,3,4.6)
In product of maxterms, it is expressed as
F(X, }’1 Z) = H(O’ 2, 5; 7)

TABLE 3-2

Truth Table of Function F

X Y z L F
0 0 0 0
0 0 1 1
0 1 0 0
0 I i 1
1 0 0 |
1 0 1 0
1 ] 0] 1
1 1 1 ‘ 0
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In other words, the 1’s of the function represent the minterms, and the 0's represent
the maxterms. The map for this function is shown in Fig. 3-16. One can start simplify-
ing this function by first marking the 1’s for each minterm that the function is a 1. The
remaining squares are marked by 0’s. If, on the other hand, the product of maxterms is
initially given, one can start marking 0’s in those squares listed in the function; the re-
maining squares are then marked by 1’s. Once the 1’s and 0’s are marked, the function
can be simplified in either one of the standard forms. For the sum of products, we com-
bine the 1's to obtain

F=x"z+ xz'

For the product of sums, we combine the 0’s to obtain the simplified complemented
function:

F'=xz+ x'z’
which shows that the exclusive-OR function is the complement of the equivalence func-
tion (Section 2-6). Taking the complement of F', we obtain the simplified function in
product of sums:
F=(x"+z0x+ 2
To enter a function expressed in product of sums in the map, take the complement of
the function and from it find the squares to be marked by O’s. For example, the func-
tion
F=(A'"+B' +C)B+D)
can be entered in the map by first taking its complement:

F' = ABC + B'D'

and then marking 0’s in the squares representing the minterms of F'. The remaining
squares are marked with 1’s.

¥z ¥
—_—
60 01 11 10

[=]
o
o

xil 1 0 0 1
-
z
FIGURE 3-16

Map for the function of Table 3-2
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3-6NAND AND NOR IMPLEMENTATIO!

Digital circuits are more frequently constructed with NAND or NOR gates than with
AND and OR gates. NAND and NOR gates are easier to fabricate with electronic com-
ponents and are the basic gates used in all IC digital logic families. Because of the
prominence of NAND and NOR gates in the design of digital circuits, rules and proce-
dures have been developed for the conversion from Boolean functions given in terms of
AND, OR, and NOT into equivalent NAND and NOR logic diagrams. The procedure
for two-level implementation is presented in this section. Multilevel implementation is
discussed in Section 4-7.

To facilitate the conversion to NAND and NOR logic, it is convenient to define two
other graphic symbols for these gates. Twa equivalent symbols for the NAND gate are
shown in Fig. 3-17(a). The AND-invert symbol has been defined previously and con-
sists of an AND graphic symbol followed by a small circle. Instead, it is possible to
represent a NAND gate by an OR graphic symbol preceded by small circles in all the
inputs. The invert-OR symbol for the NAND gate follows from DeMorgan’s theorem
and from the convention that small circles denote complementation.

Similarly, there are two graphic symbols for the NOR gate, as shown in Fig. 3-
17(b). The OR-invert is the conventional symbol. The invert-:AND is a convenient al-
ternative that utilizes DeMorgan’s theorem and the convention that small circles in the
inputs denote complementation.

A one-input NAND or NOR gate behaves like an inverter. As a consequence, an in-
verter gate can be drawn in three different ways. as shown in Fig. 3-17(c). The small
circles in all inverter symbols can be transferred to the input terminal without changing
the logic of the gate.

X —4
}:.; }Fz teyz) 5 > Fex' 4y w2 =)

AND-invert Invert-OR

Fa

(a) Two graphic symbols for NAND gate.

X x —
y F=Gx+y+2) Y—=9 Fexys = +y+z)
z z ——Q

OR-invert Invert-AND

{b) Two graphic symbols for NOR gate.

x—-D>——x' xﬂ}x’ .x—D>—~x’

Buffer-invert AND-invert OR-invert

(¢) Three graphic symbols for inverter.
FIGURE 3-17
Graphic symbois for NAND ant! NOR gates
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It should be pointed out that the alternate symbols for the NAND and NOR gates
could be drawn with small triangles in all input terminals instead of the circles. A small
triangle is a negative-logic polarity indicator (see Section 2-8 and Fig. 2-11). With
small triangles in the input terminals, the graphic symbol denotes a negative-logic po-
larity for the inputs, but the output of the gate (not having a triangle) would have a pos-
itive-logic assignment. In this book, we prefer to stay with positive logic throughout
and employ small circles when necessary to denote complementation.

NAND Implementation

The implementation of a Boolean function with NAND gates requires that the function
be simplified in the sum of products form. To see the relationship between a sum of
products expression and its equivalent NAND implementation, consider the logic dia-
grams of Fig. 3-18. All three diagrams are equivalent and implement the function:

F=AB+CD+ E

The function is implemented in Fig. 3-18(a) in sum of products form with AND and
OR gates. In (b) the AND gates are replaced by NAND gates and the OR gate is re-
placed by a NAND gate with an invert-OR symbol. The single variable E is comple-
mented and applied to the second-level invert-OR gate. Remember that a small circle
denotes complementation. Therefore, two circles on the same line represent double
complementation and both can be removed. The complement of E goes through a small

(a) AND-OR

A

(b) NAND-NAND (¢} NAND-NAND

FIGURE 3-18
Three ways to implement £ = AB + CD + £
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circle that complements the variable again to produce the normal value of £. Removing
the small circles in the gates of Fig. 3-18(b) produces the circuit in {a). Therefore, the
two diagrams implement the same function and are equivalent.

In Fig. 3-18(c), the output NAND gate is redrawn with the conventional symbol.
The one-input NAND gate complements variable E. 1t is possible to remove this in-
verter and apply E' directly to the input of the second-level NAND gate. The diagram
in (c) is equivalent to the one in (b}, which in turn is equivalent to the diagram in (a).
Note the similarity between the diagrams in {a) and (c). The AND and OR gates have
been changed to NAND gates, but an additional NAND gate has been included with the
single variable £. When drawing NAND logic diagrams, the circuit shown in either (b}
or {c) is acceptable. The one in (b), however, represents a more direct relationship to
the Boolean expression it implements.

The NAND implementation in Fig. 3-18(c) can be verified algebraically. The
NAND function it implements can be easily converted to a sum of products form by us-
ing DeMorgan’s theorem:

F=[AB)-(CD)-E'l =AB+(CD + E

From the transformation shown in Fig. 3-18, we conclude that a Boolean function
can be implemented with two levels of NAND gates. The rule for obtaining the NAND
logic diagram from a Boolean function is as follows:

1. Simplify the function and express it in sum of products.

2. Draw a NAND gate for each product term of the function that has at least two lit-
erals. The inputs to each NAND gate are the literals of the term. This constitutes
a group of first-level gates.

3. Draw a single NAND gate (using the AND-invert or invert-OR graphic symbol) in
the second level, with inputs coming from outputs of first-level gates.

4. A term with a single literal requires an inverter in the first level or may be com-
plemented and applied as an input to the second-level NAND gate.

Before applying these rules to a specific example, it should be mentioned that there 1s a
second way to implement a Boolean function with NAND gates. Remember that if we
combine the 0’s in a map, we obtain the simplified expression of the complement of the
function in sum of products. The complement of the function can then be implemented
with two levels of NAND gates using the rules stated above. If the normal output is de-
sired, it would be necessary to insert a one-input NAND or inverter gate to generate the
true value of the output variable. There are occasions where the designer may want to
generate the complement of the function; so this second method may be preferable.

Example
3-9

Implement the following function with NAND gates:
F(x,y,2) = 2(0, 6)

The first step is to simplify the function in sum of products form. This is attempted
with the map shown in Fig. 3-19(a). There are only two 1’s in the map, and they can-
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vz Y
b
x 00 01 11 10
o] 1 0 0 4] F=x'y'z"+ xyz’
F=xy+xy +2
x{l 0 ) 0 1
v

{(a) Map simplification in sum of products.
x !
)l' x — } F
' Y —

5 5 .

x —t

F ¥

i B
- ]
L

MF=x"y'z" +xpz’ @F =x"y+xy" +z
FIGURE 3-19
Implementation of the function of Example 3-9 with NAND gates

Y

not be combined. The simplified function in sum of products for this example is
F=x'y'z" + xyz'

The two-level NAND implementation is shown in Fig. 3-19(b). Next we try to simplify
the complement of the function in sum of products. This is done by combining the 0’s
in the map:

F'=x'yv+xy +:

The two-level NAND gate for generating F' is shown in Fig. 3-19(c). If output F is re-
quired, it is necessary to add a one-input NAND gate to invert the function. This gives
a three-level implementation. In each case, it is assumed that the input variables are
available in both the normal and complement forms. If they were available in only one
form, it would be necessary to insert inverters in the inputs, which would add another
level to the circuits. The one-input NAND gate associated with the single variable z can
be removed provided the input is changed to z'. |

NOR Implementation

The NOR function is the dual of the NAND function. For this reason, all procedures
and rules for NOR logic are the duals of the corresponding procedures and rules devel-
oped for NAND logic.
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Example
3-10

The implementation of a Boolean function with NOR gates requires that the function
be simplified in product of sums form. A product of sums expression specifies a group
of OR gates for the sum terms, followed by an AND gate to produce the product. The
transformation from the OR-AND to the NOR-NOR diagram is depicted in Fig. 3-20. It
is similar to the NAND transformation discussed previously, except that now we use
the product of sums expression

F=(A+ BIC+ DE

The rule for obtaining the NOR logic diagram from a Boolean tunction can be
derived from this transformation. It is similar to the three-step NAND rule, except that
the simplified expression must be in the product of sums and the terms for the first-level
NOR gates are the sum terms. A term with a singte literal requires a one-input NOR or
inverter gate or may be complemented and applicd directly to the second-level NOR
gate.

A second way to implement a function with NOR gates would be o use the expres-
sion for the complement of the function in product of sums. This will give a two-level
implementation for F' and a three-level implementation if the normal output F is re-
quired.

To obtain the simplified product of sums from a map, it is necessary to combine the
0’s in the map and then complement the function. To obtain the simplified product of
sums expression for the complement of the function, it is necessary to combine the 1's
in the map and then complement the function. The following example demonstrates the
procedure for NOR implementation.

Implement the function of Example 3-9 with NOR gates.
The map of this function is drawn in Fig. 3-19{a). First, combine the 0’s in the map
to obtain

F'=x'v+xy +z

This is the complement of the function in sum of products. Complement £’ to obtain
the simplitied function in product of sums as required for NOR implementation:

A4
B

(_
By :
D

}—F
D "—‘ D
F £
(a} OR-AND (by NOR-NOR {c) NOR-NOR

FIGURE 3-20
Three ways o implement £ 1A - AnC - InE

._'lQl
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F=0+yX) +y)2

The two-level implementation with NOR gates is shown in Fig. 3-21(a). The term with
a single literal z’ requires a one-input NOR or inverter gate. This gate can be removed
and input z applied directly to the input of the second-level NOR gate.

A second implementation is possible from the complement of the function in product
of sums. For this case, first combine the 1’s in the map to obtain

F=x"y'z" + xyz’

This is the simplified expression in sum of products. Complement this function to ob-
tain the complement of the function in product of sums as required for NOR implemen-
tation:

Fi=x+y+2)x +y +2)
The two-level implementation for F'is shown in Fig. 3-21(b). If output F is desired, it
can be generated with an inverter in the third level. ]

X
X

id

= >
VO D= >
— >

r

r

z

(@F=(+y)( +y) ®F =x+y+n'+y +2)

FIGURE 3-21
Implementation with NOR gates

Table 3-3 summarizes the procedures for NAND or NOR implementation. One
should not forget to aiways simplify the function in order to reduce the number of gates
in the impiementation. The standard forms obtained from the map-simplification pro-
cedures apply directly and are very useful when dealing with NAND or NOR logic.

TABLE 3-3
Rules for NAND and NOR Implementation
Number
of

Function to Standard form How to implement levels
Case simplify to use derive with to F
(a) F Sum of products Combine 1’s in map NAND 2
(b) F' Sum of products Combine 0’s in map NAND 3
{©) F Prodict of sums Complement F' in (b) NOR 2
(d) F’ Product of sums Complement F in (a) NOR 3
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3-7 OTHER TWO-LEVEL IMPLEMENTATIONS

The types of gates most often found in integrated circuits are NAND and NOR. For this
reason, NAND and NOR logic implementations are the most important from a practical
point of view. Some NAND or NOR gates {but not all) allow the possibility of a wire
connection between the outputs of two gates to provide a specific logic function. This
type of logic is called wired logic. For example, open-collector TTL NAND gates,
when tied together, perform the wired-AND logic. (The open-collector TTL gate is
shown in Chapter 10, Fig. 10-11.) The wired-AND logic performed with two NAND
gates is depicted in Fig. 3-22(a). The AND gate is drawn with the lines going through
the center of the gate to distinguish it from a conventional gate. The wired-AND gate is
not a physical gate, but only a symbol to designate the function obtained from the indi-
cated wired connection. The logic function implemented by the circuit of Fig, 3-22(a)
is

F = (AB)' - (CD)' = (AB + CD)'

and is called an AND-OR-INVERT function.
Similarly, the NOR output of ECL gates can be tied together to perform a wired-OR
function. The logic function implemented by the circuit of Fig. 3-22(b) is

F=A+B' +(C+D)=1{A+BI(C+D]

and is called an OR-AND-INVERT function.

A wired-logic gates does nat produce a physical second-level gate since it is just a
wire connection. Nevertheless, for discussion purposes, we will consider the circuits of
Fig. 3-22 as two-level implementations. The first level consists of NAND (or NOR)
gates and the second level has a single AND (or OR} gate. The wired connection in the
graphic symbol will be omitted in subsequent discussions.

Nondegenerate Forms

It will be instructive from a theoretical point of view to find out how many two-level
combinations of gates are possible. We consider four types of gates: AND, OR, NAND,
and NOR. If we assign one type of gate for the first level and one type for the second

A — A
B— B
--9—F=(AB+CD)’ E}——F= [(A+BY(C+D)]
C— C
D— D
{a) Wired-AND in open-collector (b)Y Wired-OR in ECL pates
TTL NAND gates.
(AND-OR-INVERT} (OR-AND-INVERT)

FIGURE 3-22

Wired logic
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level, we find that there are 16 possible combinations of two-level forms. (The same
type of gate can be in the first and second levels, as in NAND-NAND implementation. )
Eight of these combinations are said to be degenerate forms because they degenerate to
a single operation. This can be seen from a circuit with AND gates in the first level and
an AND gate in the second level. The output of the circuit is merely the AND function
of all input variables. The other eight nondegenerate forms produce an implementation
in sum of products or p?uct of sums. The eight nondegenerate forms are

#’AND-OR OR-AND

»~ NAND-NAND 0/NOR-NOR

o~ NOR-OR 'NAND-AND

@’OR-NAND  -AND-NOR
The first gate listed in each of the forms constitutes a first level in the implementation,
The second gate listed is a single gate placed in the second level. Note that any two
forms listed in the same line are the duals of each other.

The AND-OR and OR-AND forms are the basic two-level forms discussed in Sec-

tion 3-5. The NAND-NAND and NOR-NOR were introduced in Section 3-6. The re-
maining four forms are investigated in this section.

AND-OR-INVERT implementation

The two forms NAND-AND and AND-NOR are equivalent forms and can be treated
together. Both perform the AND-OR-INVERT function, as shown in Fig. 3-23. The
AND-NOR form resembles the AND-OR form with an inversion done by the small cir-
cle in the output of the NOR gate. It implements the function

F = (AB + CD + EY

By using the alternate graphic symbol for the NOR gate, we obtain the diagram of
Fig. 3-23(b). Note that the singlc variable £ is not complemented because the only
change made is in the graphic symbol of the NOR gate. Now we move the circles from

D Dy o
B 83— 88—
D DD DD
| F F F

D F—i D — — D—‘ ’—-
: : )

{a} AND-NOR (b) AND-NOR, (c) NAND-AND
FIGURE 3-23

AND-OR-INVERT circuits; £ = (AB + CD + £)°
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the input terminal of the second-level gate to the output terminals of the first-level
gates. An inverter is needed for the single variable to maintain the circle. Alternatively,
the inverter can be removed provided input £ is complemented. The circuit of Fig.
3-23(c) is a NAND-AND form and was shown in Fig. 3-22 to implement the AND-
OR-INVERT function.

An AND-OR implementation requires an expression in sum of products. The AND-
OR-INVERT implementation is similar except for the inversion. Therefore, if the com-
plement of the function is simplified in sum of products (by combining the 0’s in the
map), it will be possible to implement F' with the AND-OR part of the function.
When F ' passes through the always present output inversion (the INVERT part), it will
generate the ouput F of the function. An example for the AND-OR-INVERT imple-
mentation will be shown subsequently.

OR-AND-INVERT implementation

B

(a) OR-NAND

FIGURE 3-24

OR-AND-INVERT dircuits; £ = [1A -

The OR-NAND and NOR-OR forms perform the OR-AND-INVERT function. This is
shown in Fig. 3-24. The OR-NAND form resembles the OR-AND form, except for the
inversion done by the circle in the NAND gate. [t implements the function

F=[(A+ BXC + D)E]

By using the alternate graphic symbol for the NAND gate, we obtain the diagram of
Fig. 3-24(b). The circuit in (c) is obtained by moving the small circles from the inputs
of the second-level gate to the outputs of the first-level gates. The circuit of Fig. 3-24(c)
is 2 NOR-OR form and was shown in Fig. 3-22 to implement the OR-AND-INVERT
function.

The OR-AND-INVERT implementation requires an expression in product of sums. 1f
the complement of the function is simplified in product of sums, we can implement F’
with the OR-AND part of the function. When F ' passes through the INVERT part, we
obtain the complement of F', or F, in the output.

>
DD DA D D

(b) OR-NAND (c) NOR-OR

BNC | DEY
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Tabular Summary and Example

Table 3-4 summarizes the procedures for implementing a Boolean function in any one
of the four two-level forms. Because of the INVERT part in each case, it is convenient
to use the simplification of F' (the complement) of the function. When F’ is imple-
mented in one of these forms, we obtain the complement of the function in the AND-
OR or OR-AND form. The four two-level forms invert this function, giving an output
that is the complement of F'. This is the normal output F.

TABLE 3.4
Impiementation with Other Two-Level Forms
Equivalent Implements Simplify To get
nondegenerate the F' an output
form function in of
{a) b

AND-NOR NAND-AND AND-OR-INVERT Sum of products F
by combining 0’s
in the map

OR-NAND NOR-OR OR-AND-INVERT Product of sums by F

combining 1's in
the map and then
complementing

*Form (b) requires a one-input NAND or NOR (inverter) gate for a single literal term,

Example
3-11

Implement the function of Fig. 3-19(a) with the four two-level forms listed in Table 3-
4. The complement of the function is simplified in sum of products by combining the
(’s in the map:

FI = xry + xyl + 7

The normal output for this function can be expressed as
F=@y+xy +2)

which is in the AND-OR-INVERT form. The AND-NOR and NAND-AND implemen-
tations are shown in Fig. 3-25(a). Note that a one-input NAND or inverter gate is
needed in the NAND-AND implementation, but not in the AND-NOR case. The in-
verter can be removed if we apply the input variable z' instead of z.

The OR-AND-INVERT forms require a simplified expression of the complement of
the function in product of sums. To obtain this expression, we must first combine the
1’s in the map

F=x"yz" + xyz’
Then we take the complement of the function
Fl=x+y+20x"+y +2)
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x— x' —
Jrp— y —
DL DD

, F ) £
v — ¥ — —

AND-NOR NAND-AND
(@ F=x'y+x +2)

x x
¥ v

OR-NAND NOR-OR

M F=[x+y+w +3y +21
FIGURE 3-25
Other two-level implementations

The normal output F can now be expressed in the form
F=[x+y+x"+y +21

which is in the OR-AND-INVERT form. From this expression, we can implement the
function in the OR-NAND and NOR-OR forms, as shown in Fig. 3-25(b). m

3-8 DON'T-CARE CONDITIONS

The logical sum of the minterms associated with a Boolean function specifies the con-
ditions under which the function is equal to 1. The function is equal to O for the rest of
the minterms. This assumes that all the combinations of the values for the variables of
the function are valid. In practice, there are some applications where the function is not
specified for certain combinations of the variables. As an example, the four-bit binary
code for the decimal digits has six combinations that are not used and consequently are
considered as unspecified. Functions that have unspecified outputs for some input com-
binations are called incompletely specified functions. In most applications, we simply
don’t care what value is assumed by the function for the unspecified minterms. For this
reason, it is customary to call the unspecified minterms of a function don’t-care condi-
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tions. These don’t-care conditions can be used on a map to provide further sim-
plification of the Boolean expression.

It should be realized that a don’t-care minterm is a combination of variables whose
logical value is not specified. It cannot be marked with a 1 in the map because it would
require that the function always be a 1 for such combination. Likewise, putting a 0 on
the square requires the function to be 0. To distinguish the don’t-care condition from
1’s and 0’s, an X is used. Thus, an X inside a square in the map indicates that we don’t
care whether the value of 0 or 1 is assigned to F for the particular minterm.

When choosing adjacent squares to simplify the function in a map, the don’t-care
minterms may be assumed to be cither O or 1. When simplifying the function, we can
choose to include each don’t-care minterm with either the 1's or the 0’s, depending on
which combination gives the simplest expression.

Exampie
312

Simplify the Boolean function
Flw,x,y,2) =2(1,3,7, 11, 15)
that has the don’t-care conditions
dw,x,y,2) =2(0,2,9)

The minterms of F are the variable combinations that make the function equal to 1.
The minterms of d are the don’t-care minterms that may be assigned either 0 or 1. The
map simplification is shown in Fig. 3-26. The minterms of F are marked by 1’s, those
of d are marked by X’s, and the remaining squares are filled with 0's. To get the sim-
plified expression in sum of products, we must include all the five 1’s in the map, but

Y Y
yz ——H———— yz ——t——
00 01 11 10 [s14] 01 11 10
WX wx
00 P( 1 |77 X—l ool x [t [l «
01 0 X 1 0 01 0 X [ 0
x x
11 0 4} 1 0 11 0 0 1 0
w w
10 0 0 1 0 10 0 0 1 0
- |
z z
(a)y F=yz+w'x' (b F=yz + ws

FIGURE 3-26
Example with don’t-care conditions
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we may or may not include any of the X’s, depending on the way the function is sim-
plified. The term yz covers the four minterms in the third column. The remaining
minterm 1, can be combined with minterm m; to give the three-literal term w'x'z.
However, by including one or two adjacent X's we can combine four adjacent squares
to give a two-literal term. In part (a) of the diagram, don’t-care minterms O and 2 are
included with the 1’s, which results in the simplified function

F=yz+wkx

In part (b), don’t-care minterm 5 is included with the 1's and the simplified function
now 1s

F=yz+ w'z

Either one of the above expressions satisfies the conditions stated for this example. W

The above example has shown that the don’t-care minterms in the map are initially
marked with X’s and are considered as being either O or 1. The choice between Oand !
is made depending on the way the incompletely specified function is simplified. Once
the choice is made, the simplified function so obtained will consist of a sum of
minterms that includes those minterms that were initially unspecified and have been
chosen to be included with the 1°s. Consider the two simplified expressions obtained in
Example 3-12:

Flw, x,y,2) =yz +w'x' =2(0,1,2,3,7, 11, 15
Flw,x,y, 2y =yz + w'z=52(1,3,5 7,11, 15)

Both expressions include minterms 1, 3,7, 11, and 15 that make the function F equal
to 1. The don't-care minterms 0, 2, and 5 are treated differently in each expression.
The first expression includes minterms 0 and 2 with the I’s and leaves minterm 5 with
the 0’s. The second expression includes minterm 5 with the 17s and leaves minterms 0
and 2 with the 0s. The two expressions represent two functions that are algebraically
unequal. Both cover the specified minterms of the function, but each covers different
don’t-care minterms. As far as the incompletely specified function is concerned, either
expression is acceptable since the only difference is in the value of F for the don’t-care
minterms.

It is also possible to obtain a simplified product of sums expression for the function
of Fig. 3-26. In this case, the only way to combine the (s is to include don’t-care
minterms 0 and 2 with the 0’s to give a simplified complemented function:

F'l=z + wy'
Taking the complement of F' gives the simplified expression in product of sums:
Flw, x,y,2) = z(w' + ¥) = 2(1,3,5,7, 11, 15)

For this case, we include minterms 0 and 2 with the 0’s and minterm 5 with the 1's.
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3-9 THE TABULATION METHOD

The map method of simplification is convenient as long as the number of variables does
not exceed five or six. As the number of variables increases, the excessive number of
squares prevents a reasonable selection of adjacent squares. The obvious disadvantage
of the map is that it is essentially a trial-and-error procedure that relies on the ability of
the human user to recognize certain patterns. For functions of six or more variables, it
is difficult to be sure that the best selection has been made.

The tabulation method overcomes this difficulty. It is a specific step-by-step proce-
dure that is guaranteed to produce a simplified standard-form expression for a function.
It can be applied to problems with many variables and has the advantage of being suit-
able for machine computation. However, it is quite tedious for human use and is prone
to mistakes because of its routine, monotonous process. The tabulation method was
first formulated by Quine and later improved by McCluskey. It is also known as the
Quine—McCluskey method.

The tabular method of simplification consists of two parts. The first is to find by an
exhaustive search all the terms that are candidates for inclusion in the simplified func-
tion. These terms are called prime implicants. The second operation is to choose
among the prime implicants those that give an expression with the least number of lit-
erals.

3-10 DETERMINATION OF PRIME IMPLICANTS

The starting point of the tabulation method is the list of minterms that specify the func-
tion. The first tabular operation is to find the prime implicants by using a matching
process. This process compares each minterm with every other minterm. If two
minterms differ in only one variable, that variable is removed and a term with one less
literal is found. This process is repeated for every minterm until the exhaustive search
is completed. The matching-process cycle is repeated for those new terms just found.
Third and further cycles are continued until a single pass through a cycle yields no fur-
ther elimination of literals. The remaining terms and all the terms that did not match
during the process comprise the prime implicants. This tabulation method is illustrated
by the following example.

Example
313

Simplify the following Boolean function by using the tabulation method:
F=2x(0,1,2,8,10, 11, 14, 15)

Step 1: Group binary representation of the minterms according to the number of 1’s
contained, as shown in Table 3-5, column (a). This is done by grouping the minterms
into five sections separated by horizontal lines. The first section contains the number
with no 1’s in it. The second section contains those numbers that have only one 1. The
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TABLE 3-5
Determination of Prime Implicants for Example 3-13

T @ ) ' ©

wx y Z ¥z wx y z
"0 0000 J 0.1 00 0 - 0,2, 8, 10 —0 -0
0.2 00 —0 / 0,8, 2,10 ~0 -0
I 0001 J 0.8 000 10, 11, 14,15 | — |
2 0010 10, 14, 11,15 1 — 1 —
8 1000 o 210 -0 10 /
.10 10 -0
0 1010
10,11 10 1-
moroti .14 11—
4 1110
1,45 1 — 11
5 1111y 4,15 11 1—

third, fourth, and fifth sections contain those binary numbers with two, three, and four
I’s, respectively. The decimal equivalents of the minterms are also carried along for
identification.

Step 2: Any two minterms that differ from each other by only one variable can be
combined, and the unmatched variable removed. Two minterm numbers fit into this
category if they both have the same bit value in all positions except one. The minterms
in one section are compared with those of the next section down only, because two
terms differing by more than one bit cannot match. The minterm in the first section is
compared with each of the three minterms in the second section. If any two numbers
are the same in every position but one, a check is placed to the right of both minterms
to show that they have been used. The resulting term, together with the decimal equiv-
alents, is listed in column (b} of the table. The variable eliminated during the matching
is denoted by a dash in its original position. In this case, (0000} combines with m,
(0001) to form (000—). This combination is equivalent to the algebraic operation

mo +om o= wix'y'z Hwix'y'z=wx'y
Minterm #1, also combines with m; to form (00—0) and with ms to form (-000). The
result of this comparison is entered into the first section of column (b). The minterms
of sections two and three of column (a} are next compared to produce the terms listed
in the second section of column (b). All other sections of (a) are similarly compared
and subsequent sections formed in (b). This exhaustive comparing process results in the
four sections of (b).

Step 3: The terms of column (b) have only three variables. A 1 under the variable
means it is unprimed, a O means it is primed, and a dash means the variable is not in-
cluded in the term. The searching and comparing process is repeated for the terms in
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column (b) to form the two-variable terms of column (c). Again, terms in each section
need to be compared only if they have dashes in the same position. Note that the term
(000-) does not match with any other term. Therefore, it has no check mark at its
right. The decimal equivalents are written on the left-hand side of each entry for
identification purposes. The comparing process should be carried out again in column
(c) and in subsequent columns as long as proper matching is encountered. In the
present example, the operation stops at the third column.

Step 4: The unchecked terms in the table form the prime implicants. In this exam-
ple, we have the term w'x’y’ (000-) in column (b), and the terms x 'z’ (=0-0) and wy
(1—1~) in column (c). Note that each term in column (c) appears twice in the table, and
as long as the term forms a prime implicant, it is unnecessary to use the same term
twice. The sum of the prime implicants gives a simplified expression for the function.
This is because each checked term in the table has been taken into account by an entry
of a simpler term in a subsequent column. Therefore, the unchecked entries (prime im-
plicants) are the terms left to formulate the function. For the present example, the sum
of prime implicants gives the minimized function in sum of products:

F=wkx'y" +x'z' + wy |

It is worth comparing this answer with that obtained by the map method. Figure
3-27 shows the map simplification of this function. The combinations of adjacent
squares give the three prime implicants of the function. The sum of these three terms is
the simplified expression in sum of products.

It is important to point out that Example 3-13 was purposely chosen to give the sim-
plified function from the sum of prime implicants. In most other cases, the sum of
prime implicants does not necessarily form the expression with the minimum number
of terms. This is demonstrated in Example 3- 14.

The tedious manipulation that one must undergo when using the tabulation method is
reduced if the comparing is done with decimal numbers instead of binary. A method
will now be shown that uses subtraction of decimal numbers instead of the comparing
and matching of binary numbers. We note that each 1 in a binary number represents the

¥ ¥
——— e
w00 01 11 10

L] T

01 Lr

10f 1] T

—
4

FIGURE 3-27

Map for the function of Example 3-13;
F=wxy + xz' + wy
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coefficient multiplied by a power of 2. When two minterms are the same in every posi-
tion except one, the minterm with the extra 1 must be larger than the number of the
other minterm by a power of 2. Therefore, two minterms can be combined if the num-
ber of the first minterm differs by a power of 2 from a second larger number in the next
section down the table. We shall illustrate this procedure by repeating Example
3-13.

As shown in Table 3-6, column (a), the minterms are arranged in sections as before,
except that now only the decimal equivalents of the minterms are listed. The process of
comparing minterms is as follows: Inspect every two decimal numbers in adjacent sec-
tions of the table. If the number in the section below is greater than the number in the
section above by a power of 2 (i.e., 1,2, 4,8, 16, etc.), check both numbers to show
that they have been used, and write them down in column (b). The pair of numbers
transferred to column (b) includes a third number in parentheses that designates the
power of 2 by which the numbers differ. The number in parentheses tells us the posi-
tion of the dash in the binary notation. The results of all comparisons of column (a) are
shown in column (b).

The comparison between adjacent sections in column (b) is carried out in a similar
fashion, except that only those terms with the same number in parentheses are com-
pared. The pair of numbers in onc section must differ by a power of 2 from the pair of
numbers in the next section. And the numbers in the next section below must be
greater for the combination to take place. In column (c), write all four decimal num-
bers with the two numbers in parentheses designating the positions of the dashes. A
comparison of Tables 3-5 and 3-6 may be helpful in understanding the derivations in
Table 3-6.

TABLE 3-6
Determination of Prime Implicants of Example 3-13 with Decimal Notation
fa o T
0 \/7 o _0,_1 Wﬁ(l) o o 0 2,8, 10 (2, 8)
o 0,2 @ 0,2,810 (2,8
1/ 0,8 &
2/ 10, 11, 14, 15(1. 4)
8§ / 2,10 8 10, 11, 14, 153, 4
T 8,10 (2 /
10 J
T 10,11 (1)
1/ 10, 14 4/
14/
T 5@

15 / 14,15(1y  /
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The prime implicants are those terms not checked in the table. These are the same
as before, except that they are given in decimal notation. To convert from decimal no-
tation to binary, convert all decimal numbers in the term to binary and then insert a
dash in those positions designated by the numbers in parentheses. Thus 0, 1 (1) is con-
verted to binary as 0000, 0001; a dash in the first position of either number results in
(000-). Similarly, 0, 2, 8, 10 (2, 8) is converted to the binary notation from 0000,
0010, 1000, and 1010, and a dash inserted in positions 2 and 8, to result in (—~0—0).

Example
3-14

Determine the prime implicants of the function
Flw,x,y,2) =2(1,4,6,7,8, 9, 10, 11, 15)

The minterm numbers are grouped in sections, as shown in Table 3-7, column {a). The
binary equivalent of the minterm is included for the purpose of counting the number of

TABLE 3-7
Determination of Prime Implicants for Example 3-14
faj b} i<

0001 1 v 1,9 (8) 8.9,10,1141, 2
0100 4 4,6 (2) 8,9,10,11 (1, 2)
1000 8 8,9 n v

8, 10 @ /
0110 6 /
1001 9 J 6,7 (0
1010 10 J 9,11 2 J/

10, 11 Iy /
0111 7/
1011 11/ 7,15 8

11, 15 @)
11 15/

Prime implicants
Binary
Decimal w o X oy z Term

1,9(8) - 0 0 1 x'y'z
4,6(2) 0 1 - 0 w'xz'
6, 7(1) o1 1 - w'xy
7, 15 (8) -1 1 1 xyz
11, 15 (4) I — 1 1 wyz
3,9,10,11 (1,2 1 0 - - wx !
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1’s. The binary numbers in the first section have only one 1; in the second section, two
1’s; etc. The minterm numbers are compared by the decimal method and a match is
found if the number in the section below is greater than that in the section above. If the
number in the section below is smaller than the one above, a match is not recorded
even if the two numbers differ by a power of 2. The exhaustive search in column (a)
results in the terms of column (b), with all minterms in column (a) being checked.
There are only two matches of terms in column (b). Each gives the same two-literal
term recorded in column {(c). The prime implicants consist of all the unchecked terms
in the table. The conversion from the decimal to the binary notation is shown at the
bottom of the table. The prime implicants are found to be x'y'z, wixz', wixy, xyz,
wyz, and wx . |

The sum of the prime implicants gives a valid algebraic expression for the function.
However, this expression is not necessarily the one with the minimum number of
terms. This can be demonstrated from inspection of the map for the function of Exam-
ple 3-14. As shown in Fig. 3-28, the minimized function is recognized to be

F=x'y'z+ wxz' + xyz + wx’

which consists of the sum of four of the six prime implicants derived in Example 3-14.
The tabular procedure for selecting the prime implicants that give the minimized func-
tion is the subject of the next section.

Wy

60 1]

I NiEs
CimniEnE

FIGURE 3-28

Map for the function of Example 3-14;
Foox'yz #wxz b oxyz oo

3-11

The selection of prime implicants that form the minimized function is made from a
prime implicant table. In this table, each prime implicant is represented in a row and
each minterm in a column. X's are placed in each row to show the composition of



Sectlon 3-11 Selection of Prime Impilcants 107

minterms that make the prime implicants. A minimum set of prime implicants is then
chosen that covers all the minterms in the function. This procedure is illustrated in Ex-
ample 3-15.

Example
3-15

Minimize the function of Example 3-14. The prime-implicant table for this example is
shown in Table 3-8. There are six rows, one for each prime implicant (derived in Ex-
ample 3-14), and nine columns, each representing one minterm of the function. X’s are
placed in each row to indicate the minterms contained in the prime implicant of that
row. For example, the two X’s in the first row indicate that minterms 1 and 9 are con-
tained in the prime implicant x’yz. It is advisable to include the decimal equivaient of
the prime implicant in each row, as it conveniently gives the minterms contained in it.
After all the X’s have been marked, we proceed to select a minimum number of prime
implicants,

The completed prime-implicant table is inspected for columns containing only a sin-
gle X. In this example, there are four minterms whose columns have a single X: 1, 4, 8,
and 10. Minterm 1 is covered by prime implicant x'y’z, i.e., the selection of prime
implicant x'y’z guarantees that minterm 1 is included in the function. Similarly,
minterm 4 is covered by prime implicant w 'xz’, and minterms § and 10, by prime im-
plicant wx'. Prime implicants that cover minterms with a single X in their column are
called essential prime implicants. To enable the final simplified expression to contain
all the minterms, we have no alternative but to include essential prime implicants. A
check mark is placed in the table next to the essential prime implicants to indicate that
they have been selected.

Next we check each column whose minterm is covered by the selected essential
prime implicants. For example, the selected prime implicant x'y 'z covers minterms 1
and 9. A check is inserted in the bottom of the columns. Similarly, prime implicant
w'xz' covers minterms 4 and 6, and wx covers minterms 8, 9, 10, and 11, Inspection
of the prime-implicant table shows that the selection of the essential prime implicants

TABLE 3-8
Prime Implicant Table for Example 3-15
I 4 6 7 8 ? 10 1 15

S x'y'z 1,9 X X
J wixz! 4,6 X X

w'xy 6,7 X X

xyz 7,15 X X

wyz i1, 15 ) X X
J owx’ 8,9, 10, 11 X X X X
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covers all the minterms of the function except 7 and 15. These two minterms must be
included by the selection of one or more prime implicants. In this example, it is clear
that prime implicant xyz covers both minterms and is therefore the one to be selected.
We have thus found the minimum set of prime implicants whose sum gives the required
minimized function:

F=x'yz+whxz +wx' +xyz |

The simplified expressions derived in the preceding examples were all in the sum of
products form. The tabulation method can be adapted to give a simplified expression in
product of sums. As in the map method, we have to start with the complement of the
function by taking the 0’s as the initial list of minterms. This list contains those
minterms not included in the original function that are numerically equal to the max-
terms of the function. The tabulation process is carried out with the 0’s of the function
and terminates with a simplified expression in sum of products of the complement of
the function. By taking the complement again, we obtain the simplified product of
sums expression.

A function with don’t-care conditions can be simplified by the tabulation method af-
ter a slight modification. The don’t-care terms are included in the list of minterms when
the prime implicants are determined. This allows the derivation of prime imphcants
with the least number of literals. The don’t-care terms are not included in the list of
minterms when the prime implicant table is set up. because don’t-care terms do not
have to be covered by the selected prime implicants.

3-12 CONCLUDING REMARKS

Two methods of Boolean-function simplification were introduced in this chapter. The
criterion for simplification was taken to be the minimization of the number of literals in
sum of product or products of sums expressions. Both the map and the tabulation meth-
ods are restricted in their capabilities since they are useful for simplifying only Boolean
functions expressed in the standard forms. Although this is a disadvantage of the meth-
ods, it is not very critical. Most applications prefer the standard forms over any other
form. We have seen from Fig. 3-15 that the gate implementation of expressions in stan-
dard form consists of no more than two levels of gates. Expressions not in the standard
form are implemented with more than two levels.

One should recognize that the Gray-code sequence chosen for the maps is not
unique. Tt is possible to draw a map and assign a Gray-code sequence to the rows and
columns different from the sequence employed here. As long as the binary sequence
chosen produces a change in only one bit between adjacent squares, it will produce a
valid and useful map.

Two alternate versions of the three-variable maps that are often found in the digital



Section 3-12 Concluding Remarks 109

logic literature are shown in Fig. 3-29. The minterm numbers are written in each
square for reference. In (a), the assignment of the variables to the rows and columns is
different from the one used in this book. In (b), the map has been rotated in a vertical
position. The minterm number assignment in all maps remains in the order xyz. For ex-
ample, the square for minterm 6 is found by assigning to the ordered variables the bi-
nary number xyz = 110. The square for this minterm is found in (a) from the column
marked xy = 11 and the row with z = 0. The corresponding square in (b) belongs in
the column marked with x = 1 and the row with yz = 10. The simplification proce-
dure with these maps is exactly the same as described in this chapter except, of course,
for the variations in minterm and variable assignment,

Two other versions of the four-variable map are shown in Fig. 3-30. The map in (a)
is very popular and is used quite often in the literature. Here again, the difference is

r——g
0 1
xy x yz
T 00f 0| 4
0| 0 2 6 4 1] 1 5
z
z{l 1 3 7 5 Ity 3 7
¥
v 10 2 6
(a) (b)
FIGURE 3-29
Variations of the three-variable map
A
AR A
/_’"'g\
cp 00 Ol 11 10 — *
0ol 0 4 12 8 121 14 6 4
B
o1 1 5 13 9 13 15 7 5
D D
11] 3 7 15 111 9 11 3 1
C
10] 2 6 14 | 10 8 10 2 0
‘_“ﬁ_—" %_Y—_J
B ¢
(a) (b)
FIGURE 3-30

Variations of the four-variable map
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slight and is manifested by a mere interchange of variable assignment from rows to
columns and vice versa. The map in (b) is the original Veitch diagram that Karnaugh
modified to the one shown in (a). Again, the simplification procedures do not change
when these maps are used instead of the one employed in this book. There are also
variations of the five-variable map. In any case, any map that looks different from the
one used in this book, or is called by a different name, should be recognized merely as
a variation of minterm assignment to the squares in the map.

As is evident from Examples 3-13 and 3-14, the tabulation method has the drawback
that errors inevitably occur in trying to compare numbers over long lists. The map
method would seem to be preferable, but for more than five variables, we cannot be
certain that the best simplified expression has been found. The real advantage of the
tabulation method lies in the fact that it consists of specific step-by-step procedures that
guarantee an answer. Moreover, this formal procedure is suitable for computer mecha-
nization.

In this chapter, we have considered the simplification of functions with many input
variables and a single output variable. However, some digital circuits have more than
one output. Such circuits are described by a set of Boolean functions, one for each out-
put variable. A circuit with multiple outputs may sometimes have common terms
among the various functions that can be utilized to form common gates during the im-
plementation. This results in further simplification not taken into consideration when
each function is simplified separately. There exists an extension of the tabulation
method for multiple-output circuits. However, this method is too specialized and very
tedious for human manipulation. It is of practical importance only if a computer pro-
gram based on this method is available to the user.
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31

3-2

3-3

35

3-6

3-7

3-8

39

Simplify the following Boolean functions using three-variable maps:
(@) Flx,y,2) =20, 1,57

by Flx,y,2) =2(1,2,3,6,7)

(c) Fix,y,2) = 2(3,5,6, 7

(d) F(A,B,C) = 2(0,2,3,4,6)

Simplify the following Boolean expressions using three-variable maps:
@) xy + x'y'z' + x'yz’

b) x'y" + yz + x'yz'

{c) A'B+ BC' + B'C’

Simplify the following Boolean functions using four-variable maps:
(a) F(A,B,C,D)=%(4,6,7,15)

(b Flw,x,y,2) = 2(2, 3, 12, 13, 14, 15)

(¢} F(A,B,C.D)=2(3,17,11, 13, 14, 15)

Simplify the following Boolean functions using four-variable maps:
(a) Fiw,x,y,2) = 2(1,4,5, 6,12, 14, 15)

(b) FIA,B,C, D) =2(0,1,2,4,5,7, 11, 15)

(c) Fw,x,y,2) = 2(2, 3, 10, 11, 12, 13, 14, 15)

(d) F(A,B,C,D) =2(0,2,4,5,6,7, 8, 10, 13, 15)

Simplify the following Boolean expressions using four-variable maps:

(@) wz+oxz+x'y +wx'z

(b) B'D + A'BC’' + AB'C + ABC'

(c) AB'C + B'C'D' + BCD + ACD' + A'B'C + A'BC'D

d) way +yz+xy'z+x'y

Find the minterms of the following Boolean expressions by first plotting each function in a
map:

(@ xy +yz+ xy'z

(b) C'D + ABC’ + ABD' + A'B'D

{c) wey + x'2' + wixz

Simplify the following Boolean functions by first finding the essential prime implicants:
(@ Flw,x,y,2) =2(0,2,4,5,6,7, 8, 10, 13, 15)

(b) F(A,B,C.D)=2(0,2,3,5,7,8,10, 11, 14, 15)

{¢) F(A,B,C,D) = 2(1, 3,4, 5,10, 11, 12, 13, 14, 15)

Simplify the following Boolean functions using five-variable maps:

(a) F(A,B,C,D,E) =2(0, 1, 4, 5, 16, 17, 21, 25, 29)

(b) F(A,B,C.D,E) = 2(0,2,3,4,5,6,7, 11, 15, 16, 18, 19, 23, 27, 31)
{c) F=A'B'CE'+ A’'B'C'D' + B'D'E' + B'CD' + CDE' + BDE'
Simpilify the following Boolean functions in product of sums:

(a) F{w, x,y,2) =2(0,2,5,6,7, 8, 10)

{b) F(A, B, C, D) = 11(1, 3, 5, 7, 13, 15)

{c} Flx,y,2) =2(2,3,6,7)

(d) F(A,B,C,D) =11(0, 1, 2, 3, 4, 10, 11)
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310

3-12

2-14

3-19

3-20

321

3-22

Simplify the following expressions in (i} sum of products and (ii) products of sums:
(@) x'z" + 'z’ + yz’ + xy

() AC' + B'D + A'CD + ABCD

© (A" +B +DWA+B +CHA'+B+DHB+C' + D

Draw the AND-OR gate implementation of the following function after simplitying it in
{a) sum of products and (b} product of sums:

F=I(AB8,C,D)=2(0,2.567.8,10)

Simplify the following expressions and implement them with two-level NAND gate cir-
cuits:

(a) AB' + ABD + ABD' + A'C'D’ + A'BC’

(b} BD + BCD' + AB'C'D’

Draw a NAND logic diagram that implements the complement of the following function:

F(A,B,C.D)=2(0,1,2,3.4,8,9.12)
Draw a logic diagram using only two-input NAND gates to implement the following ex-
pression:

(AB + A'B)(CD’ + C'D)

Simplify the following functions and implement them with two-level NOR gate circuits:
{a) F=wx' +y'z" + w'yz
(b) Fiw, x,y,2z) = 2(5,6,9,10)

Implement the functions of Problem 3-15 with three-level NOR gate circuits [similar to
Fig. 3-21(b)].

Implement the expressions of Problem 3-12 with three-level NAND circuits [similar to
Fig. 3-19(c)].

Give three possible ways to express the function F with eight or fewer literals.
F(A, B, C.D)=2(0,2,5,7, 10, 13)
Find eight different two-level gate circuits to implement
F=x'z+xyz+w

Implement the function F with the following two-level forms: NAND-AND, AND-NOR,
OR-NAND, and NOR-OR.

F(A,B,.C.D) =2(0,1.2,3,4,8,9,12)

List the eight degenerate two-level forms and show that they reduce to a single operation.
Explain how the degenerate two-level forms can be used to extend the number of inputs to
a gate.

Simplify the following Boolean function £ together with the don’t-care conditions d; then
express the simplified function in sum of minterms.
(a) Flx,y,2) = 2(0,1,2,4,35)

dix,y.2) = Z2(3,6,7)
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3-24
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3-26
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(b) F(A,B,C, D)= 2(0, 6, 8, 13, 14)
d{A,B,C,D) = 2(2, 4, 10)
(c) F(A,B,C, D) = £(1,3,5,7,9, 15)

d(A,B,C,D) =X2(4,6,12,13)
Simplify the Boolean function F together with the don’t-care conditions d in (1) sum of
products and (ii} product of sums.
(8) Flw,x,y,2) = 2(0,1,2,3,7, 8, 10)

dw,x,y,z) = Z(5, 6,11, 15)
(b) F(A,B, C,D) = Z(3, 4, 13, 15)

d(A,B,C,D) = 2(1,2,5,6, 8, 10, 12, 14)
A logic circuit implements the following Boolean function:

F=A'C+ AC'D’

It is found that the circuit input combination A = C = 1 can never occur. Find a simpler
expression for F using the proper don’t-care conditions.

Implement the following Boolean function F together with the don’t-care conditions d us-
ing no more than two NOR gates. Assume that both the normal and complement inputs
are available,

F(A,B,C,D)=3(0,1,2,9, 11
d(A, B, C, D) = (8, 10, 14, 15)
Simplify the following Boolean function using the map presented in Fig. 3-30(a). Repeat
using the map of Fig. 3-30(b).
F(A,B.C,D)=2%(1,2,3,5,7,9, 10, 11, 13, 15}
Simplify the following Boolean functions by means of the tabulation method:
{a) P(A,B,C,D,E,F,G) = 2(20, 28, 52, 60)

(b} P(A,B,C,D,E, F,G) = 2(20, 28, 38, 39, 52, 60, 102, 103, 127)
{c) P(A,B,C,D,E,F) = (6, 9, 13, 18, 19, 25, 27, 29, 41, 45, 57, 61)



